The reconstruction problem for elliptic voids located in the regular (equilateral) triangle is studied. A known point source is applied to the boundary of the domain, and it is assumed that the input data is obtained from the free-surface input data over a certain finite-length interval of the outer boundary. In the case when the boundary contour of the internal object is unknown, we propose a new algorithm to reconstruct its position and size on the basis of the input data. The key specific character of the proposed method is the construction of a special explicit-form Green's function satisfying the boundary condition over the outer boundary of the triangular domain. Some numerical examples demonstrate good stability of the proposed algorithm.
Introduction
In the engineering applications of strength theory the detection and recognition of voids in elastic materials is one of the most important problems of Non-Destructive Evaluation. Various methods are used for this purpose, and one of them is founded on the theory of inverse problems. In order to detect and recognize the image of the void, one may apply over a boundary of the sample a certain type of load, so that to measure the boundary deformation caused by this load. Then one may suppose that the presence (or absence) of interior flaws will influence the measured obtained data. It is also quite natural to suppose that if there is an interior void in the sample then its position and geometry can influence significantly the shape of the deformed boundary. This idea creates a good basis for interior objects reconstruction from the measured data over the boundary of the sample.
A number of theoretical works were devoted to the inverse problems of this kind, with applications to recognition of cracks [1] [2] [3] . Some important papers concern uniqueness of the solution, some others develop explicitform analytical results or numerical algorithms [4, 5] . Unfortunately, much less results are devoted to reconstruction of volumetric (non-thin) voids in elastic samples under the same conditions and with the same type of input data.
In the present work we study a scalar elastic problem in the domain of a specific form which is the regular (equilateral) triangle. An outer load is applied to its boundary surface, so that the deformation of the domain under this outer force indicates the presence as well as the form of the interior void. We show that so formulated direct problem can be reduced to the Laplace partial differential equation. Then we construct Green's function, which automatically satisfies the trivial boundary condition over the faces of the triangular domain. Such Green's function allows us to formulate the direct problem as a single integral equation holding over the boundary of the void, in the case when a volumetric defect is located inside the elastic triangle. Solution of this integral equation permits to determine the shape of the boundary surface, if the form of the void is known. Further, we formulate the inverse problem, which is to restore the geometry of the void from the measured input data taken as the known deformation of a certain boundary line over some finite-length interval. A specially proposed numerical algorithm is suitable to solve this inverse problem. This is reduced to a sort of global minimization of the discrepancy functional. Finally, we give some examples of application of the proposed method, in the case of the reconstruction (location and geometry) of elliptic voids.
Mathematical Formulation of the Problem
Let us consider the regular (equilateral) homogeneous and isotropic elastic triangle under conditions of the (two-dimensional) anti-plane stress-strain state. An elliptic flaw with the boundary L is located in the specimen (see Figure 1) . The anti-plane formulation implies that the Cartesian components of the displacement vector u are
where w is the component of the displacement vector in direction z . Then the system of equations of equilibrium can be reduced to a single Laplace equation (see, for example, [6] )
where  and  are elastic constants. As soon as function w is defined from Equation (2.2), the components of the elastic stress tensor can be found in the following form:
Under condition of the anti-plane problem, the only nontrivial component of the stress vector arising at any elementary area is the tangential stress z T parallel to z -axis:
, : where n is the unit normal vector to this area. Hence, if we assume that the internal face of the flaw, contour L , is free of load, then respective boundary condition is:
Let us assume that a known tangential point force
is applied at the point   0 0 x , of the boundary line 0 y  (see Figure 1) :
With so formulated governing equations the direct problem is to solve Laplace Equation (2.2) with boundary condition (2.4) valid over internal contour L. The boundary conditions on the outer surface are given by Equation (2.5) holding over the lower face of the triangle, completed by the Neumann homogeneous boundary conditions analogous to (2.4) on two side faces of the triangle.
The problem is studied in frames of linear elasticity. Therefore, its solution can be represented as a superposition of function 
with the homogeneous Neumann boundary condition on the outer boundary:
Green's Function for the Regular Triangle
In order to reduce the formulated problem to a boundary integral equation (BIE), it is required to construct Green's function in the considered domain. For any single force applied inside the triangle at point   , , inside ,
with the homogeneous free-of-load boundary condition on the triangle's boundary  
where n is the outer unit normal vector to the boundary l . Following the classical "virtual image" method [8, 9] , it is clear that for ideal faces of the rectangular domain the homogeneous Neumann boundary conditions (3.2) are automatically satisfied if one arranges a set of delta-function sources symmetrically to the faces, like shown in Figure 2 . Then the sought Green's function can be defined as a superposition of 12 infinite series 
Function S in (3.3) satisfies the Poisson equation in Figure 2 . Geometry of virtual images for equilateral triangle.
the full 2 E space:
It is evident that any constant summand added to function S does not change Equation (3.5) . This non-uniqueness complicates construction of the sought Green's function. In order to avoid operation with such a singular case, let us introduce a small perturbation replacing Laplace operator in Equation (3.5) by the Helmholtz operator
with a certain small wave number  . Then true solution to Equation (3.5) can be obtained as , 0
Let us apply some classical properties of Dirac's deltafunction:
Then Equation (3.6) can be rewritten as follows 
The last double series can be transformed to a single one if one performs summation over n or m . The following tabulated series [10] should be taken into account for this treatment:
One thus can see from (3.9)-(3.11), with
The first term here, 0 n  , with asymptotically small  a represents itself a certain constant and so, according to what was written above, can be neglected. After all these transformations, with 0    , the sought Green's function can directly be extracted from (3.12) in the following form:
It is interesting to control the basic property of any Green's function in the two-dimensional problem: this must possess a logarithmic singularity when  and  both tend to zero, more precisely one should control that
In order to prove asymptotic relation (3.14), let us take into account the following table series [10, 11]     
The common term in (3.13) behaves asymptotically as n   like in series (3.15) with z a
Then the asymptotic behavior of expression (3.13), as n a a a n a a n a e e e n a e e a a a
that is to be proved. At the end of this section we notice that full structure of the sought Green's function is given by combining Equations (3.3) and (3.13):
where the set of virtual images is given by Equation (3.4).
BIE for Direct Problem
Let us come back to the elastic problem shown in Figure  1 . We assume that the lower free face is loaded by a known single force at point   0 ,0 x , and there is an internal defect with the boundary L inside the triangle. To resolve this problem, one can apply Green's function constructed in the previous section.
One can represent the unknown function   1 , w x y at arbitrary point outside the defect as an integral over its boundary curve L , with the use of standard methods of potential theory (see, for example, [12] ):
where both outer unit normal vector   
due to boundary condition (2.4). By using the well known limiting value of the potential of double layer [12] , if any   , X Y L  and contour L is smooth, then
3) allows us to formulate the basic BIE in the form: n n b y a n x a S x y n n n n an b / a n n b y a n x a y a nba n X x a n nb a
for any   , X Y inside the triangle. Note that the dimension of the set of virtual images here is in two times less when compared to that in Equation 
Reconstruction Problem and Some Numerical Results
If function
 is determined from BIE (4.5), the displacement field at arbitrary point of the elastic medium can be calculated by using Equation 2) the contribution given by the influence of presence of the flaw, the second integral term in (5.1).
The latter can be calculated as:
and gives, as has been said above, the contribution to the deformation of the lower boundary surface given by the defect itself.
The inverse reconstruction problem is formulated as follows. Let us assume that a defect of unknown position and shape is located somewhere inside the elastic triangle. Let us apply a concentrated single force 0  at a certain point on the lower face 0 y  and measure the deformation of this lower face. Then, by knowing this measured deformation, it is necessary to predict the position, size, and form of the defect. It is obvious that mathematically the problem is to determine contour L from the known function
is involved in all mathematical formulas, this means that mathematically one needs to solve the system of two integral Equations (4.5) and (5.2). This system is nonlinear with respect to any defining equation describing contour L. Moreover, since Equation (5.2) is of the first kind, the considered system is ill-posed (see [13] ).
The proposed approach is founded on the collocation technique (see, for example, [12] 
with the elements of matrix   
This system is constructed so that the set of the "inner" When solving the posed reconstruction problem, in practice, the measurements on the deformation of the lower boundary surface cannot be carried out with absolute precision. This predetermines the input data to be known with a certain error. Therefore, the proposed algorithm should provide stability with respect to small perturbations of the input data.
All above developed formulas are valid for arbitrary smooth contour L . However, if the flaw is an elliptic cylinder with the semi-axes A and B , with its center 
where Q control points   
It is obvious that in the case of exact input data zero minimal value of  corresponds to exact solution of the inverse reconstruction problem. However, the problem under consideration is nonlinear, hence nobody can guarantee uniqueness of the solution. It should also be noted that, in order to simulate a small error in the input data, we first solve respective direct problem when the shape of the defect is known, and then perturb the obtained solution by a random perturbation. So constructed function 0 F is used as the approximate input data. For the minimization of functional  we used in our numerical experiments a version of the random search method [15] .
Some examples of the reconstruction are demonstrated in Tables below. For all examples we Table 1 two different flaws located at the same position are considered-a circle and an ellipse directed horizontally, both reconstructions-with exact input data. It is interesting to note that the slope angle for the circle is of no importance in the reconstruction process, and the reconstructed value of  plays no role.
Then we studied the stability of the proposed algorithm if the input data is given with an error. As commented above, we add some small perturbation to the solution of respective direct problem. More precisely, each value of the lower face deformation 0 F is recalculated to a new value by the following formula:
where  is the magnitude of the error (which being multiplied by 100 can also be expressed in percents), and  is a random number distributed uniformly over interval   1 , 0 . Some results of such a numerical simulation are shown in Table 2 .
It is interesting to notice here that the second example is related to the case when the elliptic flaw is located vertically: in fact, the reconstructed flaw possesses the same property, despite inversion of its principal axes.
Further increase in the error of the input data results in the following table:
Here we notice once again that for the first defect in Table 3 the last reconstructed parameter  plays no role, as the flaw is in fact a circle. One thus can admit that this flaw is restored quite well, despite the error in the input data.
From the presented results of the numerical simulation, as well as from many other reconstruction examples performed, we can come to some important conclusions: 1) Generally, precision of the reconstruction is less dependent on the error of the input data than on geometry of the void.
2) The precision of the reconstruction as a rule is good. In some cases almost the same results are obtained with formally different reconstructed geometries. However, with a certain precision, the reconstructed object gives the same original geometry but with another combination of the reconstructed parameters.
3) The worst precision takes place in the reconstruction of prolate ellipses, i.e. with low aspect ratio B A (see the second example in Table 3 and the second one in Table 2 ). One can state the following rule natural 
